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1. THE METHOD OF TYPES

The method of types refers to a set of combinatorial arguments used to establish
Large Deviation Principles (LDP) for i.i.d. random variables taking values in a
finite alphabet ¥ = {a;,ay, ..., a5 }.

To demonstrate the argument, we consider i.i.d. random variables (YZ)ZOZ , taking
values in X. Let M, (X) (which can be identified as a subset of R*!) denote the
space of all probability measures (laws) on X. Assuming the law of each Y; is p €
M,(X), we denote by P, the joint law of ()%, on the product space XV,

Definition 1.1. The empirical measure LY, of a finite sequence y = (Y1, Ys, -, Y,,) €
Y™ is the measure in M, (X) that records the frequency of occurrences of each a,;
namely, LY, = (L3 (a,), .., L¥, (ajs ) ) with

1 n
Ly(a;) = — > Ly (4):
=1

Below are some related notions:
o (Support) ¥, = {a; € ¥ : v(a;) > 0} for a measure v.
o (Empirical distribution) £,, = {L¥ 1y € ¥"}.
o (Types) T,,(v) ={y € " : LY = v} for v € M;(Z).
. (V(ar)iational distance) For v,v’ € M(%), dy(v,v) =35> _|v(a)—
v'(a)].

We have the following fundamental estimates of the size of T,,(v) and L,,.

Lemma 1.2.

(1) |Tn<y)| = (ny(al),nv(a:),,..,nu(am)).
(2) 1<1£,] < (n+ 1)

Proof. (1) It follows from a combinatorial argument.
(2) Note that

where the latter set has cardinality

n+|% -1 n+i
= < 1)I%l
(et = I =,

i=1

as desired. O
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In the following, we estimate the large deviation probabilities.

Definition 1.3 (entropy). Let v,n € M, ().
o The entropy of v € M,(X) is

Hy)=— Z v(a)logv(a).
acy
e The relative entropy (or Kullback-Leibler divergence) of v with respect to
7 is
v(a)
H(v|n) = Z v(a)log —=.

aex 77(@)

We adopt the convention that 0log0 = 0 and Olog(%) =0.

Remark 1.4. Let M, (X) be endowed with the variational distance. Then,

(1) M,(%) is compact.

(2) H(:) is continuous on M;(X)

(3) H(-|p) is continuous on the compact set {v € M,(¥): %, C v}
Lemma 1.5. Ify € T, (v), then the following hold.

(1) B,((Yy, ... Y,) =y) = e "HHHM),

(2) (n+ 1) < [T ()] < enHe,

(3) (n+ 1)—|E\e—nH<u|u) < Pu(L?{:u> < e nHWI)
Proof. (1) The case ¥, € X, is trivial, as F,((Y},...,Y,) =y) =0 and H(v|p) =
oo. Assuming X, C X, we have by definition

PM((}/]J' ) TL H/,L nua = (H(V>+H<V|:U')).
ack

(2) The second inequality follows immediately from
1> B(LY =v)=e T, (v)].
To prove the first, we claim that if 3, C ¥, then

P 'rw(a)
_ H ’I’Ll/ nl/(a)—nl/(a) > 1.
acy nl/

. 0—
Indeed, the last expression consists of terms of the form ";—,'(%) " where the
inequality is validated using the fact m' > gm=t

Y
PV<L’I’L € Tn(”)) >n" [Za@: V(@)= 5 I/(a)]

B (LY € T,(n) = =

To prove the desired inequality, observe that
L= 3" B(LY =v) <|L,] BLY =v) = |£,] e W) T, ().
v'eLl,,

The proof is concluded by applying Lemma 1.2.
(3) Combining (1) and (2), we arrive at the estimate
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rTn

B(LY =v) = |T,w)| B (Y, . Y,) = y) [T, (v)] e HHIVI) < emnlH0),
whereas the other inequality follows from the lower bound on |T,,(v)|. O

Theorem 1.6 (Sanov). For every set I' C M, (X) of probability measures,

—inf H(v|p) < hm 1nf log P, (LY €T)

vel

< lim sup — logP (LY €T) < — inf H(v|p).

n—o00 vell
Proof. By Lemma 1.5, we obtain the upper bound:
P(LY €T) Z P(LY =v) <|TNL,| e mverne, H0w
vel’nt,,

—ninf H
S (n -+ ]_)‘Z‘e nilyerng,, (V‘/‘“>’

which yields

lim sup — logP (LY €T) < —liminf inf H(v|u) < — inf H(v|p).

n—oo N n—oo vel'nL, vel

To prove the lower bound, we begin with an analogous estimate

PH (LnY e F) = Z PM(LE = 1/) > (n + 1)7‘2‘€7ninfucl"m£n H(V‘l")'
vel'ng,,
Since sup,¢pr, (x) dv (v, £,,) < 2 L for every v € I' with ¥, C X, one can find for
every suﬁiciently large n some v,, € rn L,, such that v, — v. By the continuity of
the relative entropy on the restricted domain,

lim 1nf log P,(LY €T') > —limsup H(v,|pn) = —H (v|w).

n—oo M n—oo

The theorem follows since v € I is arbitrary as long as ¥, C w and H(v[p) = oo
whenever %, € 3 . O

As an application of Sanov’s theorem, we prove a version of Cramér’s theorem con-
cerning Large Deviations for the empirical mean. Let f : 3 — R be a function. We
identify f with the vector f € RI*! so that the empirical average S, = i oo f(Y)
can be written as the inner product S,, = (LY, f). Sanov’s theorem then implies
the following result.

Theorem 1.7 (Cramér). For any set A C R,

— inf I(z )<hm1nfflogP (S EA)

zeA n—o0
< lim sup — logP (5'“ € A) < — inf I(z),
n—00 €A
where I(x) = inf,. ., ¢_, H(v|u). The rate function I is continuous on the interval
[minaez” f(a%maxaexu f(a)] and satisfies

I(z) = iﬁﬁw — AN,

where
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A(N) =log Z pla)eM @),
aeXl
Proof. We provide two proofs of the theorem.
(1) The formula

) ) pla)eM@

o= ) =t 3o 5ot s (M5 )
follows from that S, = (LY,f) and that v+ (v,f) is a continuous function.
Moreover, in view of the formula, I is clearly continuous on its effective domain
min,es; f(a),maxaez” f(a)}. We note that the optimization problem here is a
classical problem in convex optimization where strong duality holds (see, for
example, [1, Section 5]); specifically, one can swap inf and sup without changing
the value of the expression:

I(z) =sup inf [A‘T—ZV(GNO%W)},

AeR vEM, (%) =

The inner minimization can then be solved using Gibbs inequality (or Jensen’s
inequality applied to z = zlogz), yielding

I(x) = sup | Az — log Z pla)eM @],
AER aes
This establishes the Fenchel-Legendre transform representation.

(2) Alternatively, this result is a special case of Cramér’s theorem for real-valued
random variables, and its rate function I(x) = A*(x), a fortiori, is the Fenchel-
Legendre transform of the logarithmic moment generating function

A(N) =1logE[eMM)] = logZ pla)eM@,
acx
It remains to show that A*(x)=inf,., ¢_, H(v|u), for, once established, the
continuity of I follows from that of H(- |u) immediately. To this end, it suffices to
show that A*(z) > inf,., ¢, H(v|p), since by Gibbs’ inequality,

a)e (@)
ME,v) — H(v|p) =) v(a)log (%) <AV
acyl

for all v € M;(X) and A € R, implying A*(z) <inf,.., ¢, H(v|p).

Recall that A is convex and differentiable in the interior of its effec-
tive domain. By asymptotic analysis of the derivative A’()), for every x €
<mina€2” f(a), maX,es; f(a)), there exists A € R such that

S o (@)
5 oy Pa)A)

, we have (n,f) = z and

x=AN(\)= = A*(z) =z —AN).

. a)erf(a)
Choosing n, = %

A*(z) = Az — A(N) = H(nlp) = y:@rg:mH(VIu)
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as desired. For the boundary point x = maxX,es f(a) (the case for min is similar),
we have that

nf Hlp) = —logp({a € X : fla) = z})

and, through direct evaluation, that
A(x) = )\lim Az —AN)] =—logu({a € X: fla) = z}).
—00
Combining these results proves A*(x) =inf, , ¢_, H(v|p). Finally, for z ¢
[minaez“ f(a), maX,es; f(a)}, one can show A*(z)=oco. This concludes the

proof. O

REFERENCES

[1] Boyd, Stephen, and Vandenberghe, Lieven, Convex Optimization, Cambridge
University Press, 2004.

RESEARCH UNIT OF MATHEMATICAL SCIENCES, UNIVERSITY OF OuLu, P.O. Box 3000, 90014
UNIVERSITY OF OULU, FINLAND.

Email address: yu-liang.wu@oulu.fi

URL: s92077 github.io


mailto:yu-liang.wu@oulu.fi
s92077.github.io

	1. The Method of Types
	References

